We analyze a multistage inventory system with limited production capacity facing stochastic demands. Each node follows a periodic-review base-stock policy for echelon inventory: in each period, each node attempts to produce enough material to restore cumulative downstream inventory to a fixed target level. We develop approximations to the key measures of interest (average inventories, average backorders, and service levels) by simultaneously letting the mean demand approach the system's bottleneck capacity and letting the base-stock level for finished goods increase without bound. Using a method of Siegmund, we thus obtain diffusion limits with higher-order correction terms. A numerical example suggests that the correction terms can substantially improve the accuracy of the approximations.
Introduction and main results. Among the most fundamental models in multiechelon inventory theory is the facilities-in-series model of
. In this system, the top node draws raw material from an external source; each intermediate node orders material from its predecessor and supplies its successor; and the bottom node supplies external demands. Optimal ordering decisions follow an echelon base-stockpolicy, in which each node orders just enough in each period to restore its cumulative downstream inventory position to a fixed target level. The term echelon indicates that ordering decisions are tied to cumulative inventories, and the base-stock level is the target to which echelon inventory is to be restored.
The Clark-Scarf model places no limit on the amount of material that can move through a facility in a single period. To model processing or production activity at a node explicitly, it is generally necessary to assign a capacity to the node which then specifies an upper limit on the inventory that can move through the node in a period. Furthermore, q is strictly convex wherever it is finite, so for each sufficiently small 00 < 0 there is just one 01 > 0 for which q(00) = ((01). We set y = 01 -00 and note that the condition y > 0 is equivalent to 00 -0, /u,0 -0, and thus to EooD -c* Our approximations are sharpest when the distribution Fo is strongly nonlattice, meaning that the characteristic function g(A)= Eo[exp(iAX)] satisfies inflAl> llg(A)l > 0 for each 8 > 0. This is equivalent to assuming that the demand distribution itself is strongly nonlattice. A strongly nonlattice distribution is indeed nonlattice; all spread-out distributions are strongly nonlattice (Asmussen 1984, p. 142).
We need some additional notation to state our main result. Let S n = E= Xi and let Comparing corrected approximations with Brownian limits, Siegmund (1979) interprets the approximation in (7) as follows: using y instead of 21 l/cr 2 corrects for non-normality of the Xn; adding f3 to the boundary b corrects for discontinuity and As an application of Theorem 1, we approximate the finished-goods base-stock level required to meet a service-level constraint; i.e., for fixed 0 < 8 < 1, we pick sl so that either the fraction of periods without a stockout or the fill rate is approximately 1 -8. We approximate expectations under 00 by first expressing them as expectations under 01 using Wald's identity and a likelihood ratio. The exponential form of the likelihood ratio suggests the approximations in the theorem. The likelihood ratio is a function of S rather than Z, but because of (12) we are able to locate the random walk at boundary crossings of the perturbed process and thus carry out the approximation. 
Preliminaries. Let {Xn

Mean shortfall. We prove Theorem l(i) by establishing the equivalent fact that Eo0Y1 = -l -+ + O(y).
Suppose the maximum of the random walk Sn is attained at r* and that of the perturbed random walk Zn at T*. Let W = maxn 0 Sn = ST*. As a consequence of (12), the maxima are attained simultaneously if both are attained after n* -1. Therefore, we have 
